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1. Introduction

One of the most important results in the study of the integrable spin chain inspired by
AdS/CFT [I* is that the relevant S-matrix [J] can be determined uniquely by the su(2|2)
Lie algebra symmetry of the problem, up to an overall dressing factor. This fact reduces the
problem of the dynamics into a single function. The dressing factor satisfies the crossing
symmetry constraint [f] originating from the underlying Hopf algebra structure [ —f]. A
remarkable solution to Janik’s equation, reproducing the asymptotic behavior in the weak
and strong coupling region [[i, §], was recently proposed by [[] and passed highly non-trivial
checks [[L{].

In order to gain a deeper understanding of the hidden algebra responsible for such a
structure,? it is desirable to understand all the symmetries of the model [[J—[IF]. In [Iq] it
was shown that the whole Lie algebra symmetry su(2|2) is lifted to the infinite-dimensional
Yangian symmetry by generalizing the standard formula of Drinfeld’s first realization of
Yangians @]:3

AjA:jA®1+1®fA+%hfg‘ch®jC, S(fA):—jAAJrihfé‘cfgch- (1.1)

Since the Cartan matrix which is used to raise and lower the indices is degenerate, one
appealed to sl(2) automorphisms [[§] which couple to the central charges.

In the study of the classical (near BMN) limit [[[J] it was noticed that one of the poles
reveals the Casimir operator of the Lie algebra gl(2|2), instead of the expected symmetry
algebra su(z|2). Although this fact suggests that the model has a larger symmetry of
gl(2|2), clearly the additional generator J which extends su(2|2) to gl(2|2)

9% =1lo"), TY*) = =1y, (1.2)

is not a symmetry of the S-matrix, when equipped with a trivial coproduct.

!We refer the reader to the reviews [E] and references therein.
2See [@] for a recent test of integrability in the near-flat space limit [@]
3Note that we can freely rescale i at the present stage. We shall fix it later to a convenient value.



A possible resolution to this problem was subsequently found in by rewriting the
classical r-matrix in the form of a Yangian double (Drinfeld’s second realization [R1]).
There, one found it necessary to include an infinite family of generators J,, to be able to
factorize the classical r-matrix. Although the coefficient of the additional generators J,
remains non-trivial for the infinite-dimensional Yangian algebra, it actually vanishes for
the classical Lie algebra at level n = 0.

Here we would like to continue the study of this additional symmetry. Since it does
not have a Lie algebraic analog, we will call it a secret symmetry. Starting from the first
higher Yangian level, the coproducts are usually non-trivial, and there is a chance for
the new generators to be symmetries. In fact, we will find a quantum Yangian generator
proportional to J, equipped with a coproduct that makes it a symmetry of the S-matrix.
We shall exploit a hybrid version of the arguments adopted in [If] and [R]]. Namely, we
apply the formulas ([[.1]) together with the fact that the J operator couples to the central
charge € [R0]. We find

o o o,
AJ=3®1+1@3+ %(Qaau*@wﬁ@aawl@n%), S(J):—J+§¢, (1.3)

where J acts as J in (L.9), with the eigenvalue I replaced by 7. In the main text we will
show that the coproduct AJ is a symmetry of the S-matrix if we choose

7= i(m++x_—1/x+—1/x_). (1.4)

The Hopf algebra structure associated to the Lie algebra generators Q%,, &%, and €
in (L.3) is as described in [[d]. The braiding factor 4 is a central element with eigenvalue
U = \/xt/z=. As from ([.1), it is easy to check that the defining relation of Hopf algebras
po(S®1)oA =mnoe (uis the algebra multiplication) holds for 3, with the counit 6(3) =0.

A natural question arises whether the generator 3 we found is a generator in Drinfeld’s
second realization, so that we can use it directly to construct the universal R-matrix.
Taking the classical limit of this operator, which essentially consists in replacing z* by the
classical spectral parameter z [§, [[9], we find

7o %(:c “1/a) . (1.5)

This coincides with the expression of the first level generator J,—; found in [R(], where
Drinfeld’s second realization was employed. Therefore, it appears natural to expect that
the operator 7 is in the second realization. However, as we will argue below, this is not
likely to be the case.

Since the generators in Drinfeld’s second realization are the ones directly appearing in
the universal form of the R-matrix, they have to be consistent with the crossing equation

found by Janik [f:
C '@ D[RO/t 29" (C @ V)R(=f, ) =1, (1.6)

where C is a (bosonic) charge conjugation matrix and st; denotes supertransposition in
the first entry. This equation originates from combining the knowledge of the crossing



symmetry transformation of the Lie algebra (n = 0) generators with the fundamental
property (S® 1)R = R~! of quasi-triangular Hopf algebras. On the other hand, if we
assume that the universal R-matrix R admits some expansion in powers of the Yangian
generators J,, ([.§) leads to the expectation that all J,’s have to satisfy the antipode
relation

S(Tn(2*)) = C7 [ Tu(1/2%)]"C, (1.7)

with one and the same charge conjugation C. Apparently, although the operator 7 satisfies

the relation C_l[/j(l/xi)]“c = —ﬁ(xi), it does not satisfy ([.7). Hence, it is difficult to

expect this operator to be in the second realization.*

As a side remark, we notice that all the generators found in [R0] satisfy the classical
antipode relation

S(Tn(2)) = C5 [ Tu(1/2)]*Co, (1.8)
where Cy is the classical charge conjugation, and the classical antipode is given by
S(In(2)) = =Tn(z) . (1.9)

The explicit expression of Cy is not necessary to show that the classical antipode rela-
tion ([[.§) holds for the infinite tower of generators, provided the relation is satisfied by the
Lie algebra generators at level n =0 [@, g, ]

In the last part of the introduction, let us recall for convenience the action of the

supercharges®

Q%|¢") = adh|v®), Q%|v%) = bePew|e?)
6% |¢%) = ce®easlt?), &% [0P) = dol|e), (1.10)

with a, b, ¢ and d parameterized by

o xt i xt x~

ol T art’ iy

and the R-matrix [f], [§] that we will use in this paper:

1 1 1
Ruzl6§88) = 5 (A2 = Bia)|#16h) + 5 (Ar2 + Biz)|#165) + 5 Craccaplify)

(0% 1 [0 1 (0% 1 (0% a
Rzl = —5(1712 — Eno) |04y — §(D12 + B9 ys) — gF1ae Fean|dieh) .

Riz|¢ey) = Gral@epy) + Hia|y] ¢3) ,
Ri2Y$dh) = Lia|yfeh) + Kia|gys) . (1.12)

4Nevertheless, we still find it a little bizarre that (@) is not satisfied by this new symmetry. This issue
certainly deserves further investigation, on which we reserve to come back in the future.
®We follow the notation of ] In particular, note that g in [@] is related to the one in [E] by g@] =

afy/v2



The functions Ajs, Bia,... are given by

+ —
Ay =2 711
12 — —— +
Ty — Xy
+ - +o— =
Buy x5 — 1) <1_ 1—1/x] 2y a5 —x1>
== _ Fot o= )
Ty — ] 1—1/x{ 2y x5 —x]
C . 2’)’1"}/2U2 1 1'2_ —1'1_
12 = =
axfry 1—1/z7as o5 —af’
Us
Dyg = — —,
Uy
Us 1—1/ay2d 25 —af
Eipp = ——{1- - )
Ur 1—-1/2x] 2y x5 — ]
+ —\(pt + _ .+
F 20(z) —y)(wy —xy) 1 Ly — Xy
12 — — — _— T
Y1y2Ur127 24 1—-1/2]zy x5 — ]
1 x;—xf
G12 T e
1Ty — ]
Uz x5 — x5
Hy =—F———7+,
12Ur xy —
To — Ty
2 1
Lig =Up—=—,
Ty — Iy
+ —
T2 — Xy
Kig =——, (1.13)
T Ty — Ty

where U = /2t /2~ and x7 satisfy the relation 2+ + 1/zT — 2~ — 1/2~ =i/g.

2. Secret symmetry
In this section, we would like to show that the coproduct of the additional operator
AT=T01+1®7+ %(ﬂ%u‘l ® 6% + 6% Ut @ 0°,), (2.1)
is an exact symmetry of the S-matrix:
[AT,S] =0. (2.2)

This equation can be expressed in terms of the R-matrix R = IIS (II is the graded permu-
tation operator) as

e1+103,R] = -~ [{Q2,6}e R+R{Q,6}s] . (2.3)

i
2|
Here the expression on the right-hand-side is a bookkeeping notation:

{Q,6}g R =(Q% UM% + &% U 'Q%)R,
R{Q, G}y = R(Q%U ! ® &%, + &%, U @ Q%) . (2.4)



Note that the braiding factor of the first (second) line is in the second (first) entry.
The first term on the right-hand-side of (R.J) is given by

{9.6}s R|63) = —Bia(aicaUs + c1a2U5 1 )e®eqpltsfs)
+ Cia(=bidaUs — diboUs ) (|67 65) — [075)) |
{Q, 6} R[¢i95) = Era(=bidalUz — dibaUy e eqp| 07 65)
— Fia(a1c2U3 + Clangl)(|¢?¢g> - |¢1ﬁ¢§>) :
{Q,6}e RIG115) = Gralardalz + c1boUs )] 63) + Hiz(—biealUn — dyaglUy ) |¢525) |

{Q,8}e R[¥Fd5) = Lia(—bieols — diasUy M)[#595) + Kia2(a1doUs + c1b2U; )95 65)
(2.5)

while the second term is

R{Q, 6} [¢105) = (a1Uy e2 + c1Uraz) (Braeeas|yfy) — Fia (165 6h) — [#465))) .
RAQ, G} [U§5) = (~b1U; tdy — d1U1b2) (= Bi2e™ e ¢ dh) + Cm(Wixlﬂ@ - \¢f¢§‘>)) ;
RAQ, &} |6§¢5) = (U} 'dz + c1Utbe) (Lialt{ 65) + Kr2|é§45)) .

RAQ, S} [¢7'¢h) = (—b1U; 'ca — diUras) (Gral@(4s) + Hualth¥ 65)) - (2.6)

Using the relations

—Bia(a1c2Us + c1aaUy ) + Era(a1U; ey + e1Urag
Cia(=b1dalUs — dybaUy ) — Fia(a1U; Y ea + ¢1Uras
E1o(=b1doUs — diboUy ) — Bra(—b1Uy tdoy — d1Uyby
—Fis(a162U + c1a2U5 1) + Cro(—by Uy ' dy — diUyby

) =2igCia(I1 + 1),

)

) =

)
Gr2(a1daUs + c1boUy ) + Lig(ay Uy tdy + ¢ Uypby)

)

)

)

0,
2igFio (1) + 1),

0,

digHo(Ih — 1),
Hio(=bicaUs — dyagUs ') 4 Kiz(a1U M dy + c1Urbs) =0,
Lia(=bicalUs — dyagUy ) + Gia(—b1 U e — diUyag

- 429K12(I1 f2) )

Klg(alngQ + 01b2U2_1) + ng(—blUl_lcQ —d1Uja9) = (2.7)
if we define E(Q) as
I= i(afr—l—x*—l/ﬂﬁ—l/x*), (2.8)
we find
[{Q.6}e R+ R{Q, 6}e]|¢¢%) =2igCia(T1 + I)e®eas|tSesh)
[{Q,6}e R+ R{Q, G}o)|vfys) =2igFia(Ty + 1) ea|¢i o)),
[{Q,6}s R+ R{Q,S}p||6i05) =4igH1o(T) — L)|w} ¢3) ,
[{Q,6}e R+ R{Q, 6)e][0¢h) = — 4igKia(Ty — I)|¢405) . (2.9)

Most of the computations in (R.7) are tedious but straightforward, except the first
and the third line with Byis and FEq9, which require a more elaborated treatment. The



easiest way to compute them is to separately deal with the ‘1’ term and the ‘—2’ term in
the parenthesis of Bis and Ejo in ([1.13)). It is not difficult to find that the ‘—2’ term is

proportional to C'o and Fio respectively. For the ‘1’ term, the following identity is useful

Ty — Ty

riry —afr] = 27“1 + 1), (2.10)
1—1/zf
which can be obtained by multiplying the identity
_ _ 1 _ _ _ _
Ty Ty —xyay = _((335r +af) (g —ay) + (25 +a7) (25 — :cf)) ) (2.11)

2

by the quantity (1 —1/z{2y)/(xy —2y) = (1—1/ayay)/(z5 — 7).

Comparing (2.9) with

[3@1+1®3,R]|¢i¢h) = 2(—I1 — L)(C12/2)eeas ),
D®1+1@3,R][W§S) = 2T + I)(— Fia/2)e ea| ¢ 5) ,
[3@1+1@3,R]|¢vy) = 2(—11 + L) Hiz|v] 63)

Go1+103 R[4l = 2(I1 — L) Kia|ohys) (2.12)

we eventually find that (R.J) holds.

3. Conclusion

We have found a new quantum Yangian symmetry of the AdS/CFT S-matrix, which com-
plements the original su(2|2) symmetry to gl(2|2) and does not have a Lie algebra analog.
Using this novel symmetry we can generate several new ones. For example, we can com-
pute the commutators [AJ, AQ%] and [ATJ, AG“s]. Taking the linear combination with
the known invariances of the S-matrix AQ%, and AS%s discovered in [[L6], we find new
symmetries:® (h = 1/(2g))
A% =0%1 @1+ 4T @ 0%, +ih(L U © Q7 + 14Ut © Q% + Ut © 9%,
0% ® L% - Q% ®RG - Q% ¢),
AQY 1 =Q% 1 @1+ U @Q% 1 +ih(—eeaaPU @ &L + €76,y U @ P)
ABg1 =631 @ 14+U71 @ &% 1 +ih(—R* U ® &% — LU © 6%, U © &%
+6%RR.+6", 0L 3+6%C),
AG"5 1 =6% 1 @1+ U ® &% 1 +ih(e"egs AU @ Q% — eepsQ° U2 @ R),

(3.1)
where Q% +1 and &%g 41 are defined as
Q%1 = Q% (ully, + vIlg) , Q% 1 = Q% (vl + ullf)
S%s1 = 6% (vlly, + ullg), &%_1 = &%g(ully + vIlf), (3.2)

6As a check, we have explicitly verified that one of them, namely AQ®; 1, is an exact symmetry of the
S-matrix: [AQ%,1,S] =0.



with II,, (Ilf) being the projector to bosons (fermions) and
uzi(x +z7), ?}:5(1/1' +1/z7) . (3.3)

The antipodes are given by S(Q% +1) = —471Q% 4 and S(6% +1) = —UTS% 41. The
names we have chosen for these operators are inspired by their classical limit, and by the
fact that they fulfill the crossing symmetry property ([[.7) at the quantum level. Further
commutators such as {AQ%, 1, AG%g} or {AQ%,, AG%s 1} actually generate the coproducts
AS)A‘{“b and AL> 3 of [[q], which satisfy the crossing symmetry relation at the quantum level,
and coincide with the generators AR%,; and ALYz found in [R(] in the classical limit.

Let us list several further directions related to the results we have presented here.

It is always crucial to study the symmetries when investigating the correspondence
between two theories. The primary question which comes to mind is of course to see whether
and how the new one we have found in this paper will appear in the string worldsheet theory.

An interesting application might be related to the string interaction vertices. In dis-
cussing the relation [2J] between matrix string theory and light-cone string field theory on
the flat space, the supersymmetry algebra on both sides plays an important role. When
it comes to the AdS/CFT correspondence on the pp-wave background at the interacting
level 23], the story becomes more complicated. It was questioned [P4] whether supersym-
metry alone can determine the whole string interaction vertex [R§]. We would like to see
whether our new symmetry can give further restrictions in its construction.

Another application is related to the Hubbard model. It was noticed [I§, ] that
the AdS/CFT S-matrix is equivalent to Shastry’s S-matrix. Understanding how this new
hidden symmetry appears in the Hubbard model could help understanding more deeply
the observed equivalence.

Finally, another interesting direction is to explore whether this symmetry could be
embedded in the full psu(2, 2|4) algebra before breaking it to (su(2|2))?, when the ground
state is identified. We reserve to return on these issues in future investigations.
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